We study the behavior of a quantum dipolar Bose condensate with the Lee-Huang-Yang quantum corrections at zero temperature in the presence of weak disorder potential. We solve the underlying nonlocal Gross-Pitaevskii equation using a perturbative theory. The role of both the Lee-Huang-Yang term and the disorder potential on the condensed fraction, the equation of state, the compressibility and the superfluid density is deeply analyzed. Surprisingly, we find that the Lee-Huang-Yang quantum corrections not only arrest the dipolar implosion but also lead to reduce the condensate fluctuations due to the disorder effects prohibiting the fomation of a Bose glass state. We show that the superfluid denisty exhibits unconventional behavior.
I. INTRODUCTION
The interacting Bose gas in a weak random external potential represents an interesting model for studying the relation between Bose-Einstein condensation (BEC) and superfluidity and has been the subject of many experimental and theoretical investigations in the past two decades. Experimentally, the dirty boson problem was first studied with superfluid helium in aerosol glasses (Vycor) [1] [2] [3] . Recently, several groups have loaded ultracold atoms into optical potentials and studied BECs in the presence of disorder potentials [4] [5] [6] [7] [8] [9] [10] [11] .
On the theory side, the so-called dirty boson problem was first considered by Huang and Meng employing a Bogoliubov theory [12] in order to understand the transition mechanism from superfluid to Bose glass phase. Later on this approach was generalized utilizing the original framework of second quantization [13] [14] [15] [16] [17] and the replica method [18] [19] [20] [21] . Alternatively, in Refs [22] [23] [24] [25] [26] [27] the disorder averaging is implemented by the perturbative theory. The main finding emerging from the above studies is that the condensate fragments into low-energy localized particles due to the localization of bosons in the respective minima of the external random potential, thus, lowering the superfluid flow.
In the context of ultracold atoms with dipole-dipole interactions (DDI), the properties of disordered uniform BECs have aroused a high interest in many area of research [28] [29] [30] [31] [32] [33] [34] . In three-dimensional (3D) geometry, it has been found that the superfluid density acquires a characteristic direction dependence due to the anisotropy of the DDI [28] [29] [30] [31] [32] . In 2D case, we have shown that the interplay between disorder and rotonization induced by the DDI may strongly reduce the superfluidity leading to the transition to a superglass state [33, 34] .
Quantum fluctuations which was first introduced by Lee-Huang-Yang (LHY) [35] may shift the ground state of the condensate, as recently observed in strongly contact-interacting Fermi [36] [37] [38] and Bose gases [39, 40] . In the case of a dipolar Bose gas, the first-order LHY * a.boudjemaa@univ-chlef.dz corrections term scales as (32/3)gn na 3 /πQ 5 (ǫ dd ) [41] [42] [43] , where n is the gas density and
x−1 . It has been revealed that such LHY corrections provide an extra repulsive term arresting the dipolar collapse resulting in the formation of quantum droplets, novel state of matter [44] [45] [46] [47] [48] [49] [50] . A similar scenario holds also in binary BECs, where the selfrepulsive LHY term may compensate the interspecies contact attraction leading to a stable quantum droplets [51] [52] [53] [54] in dilute Bose-Bose mixtures.
In this paper we study the effects of the LHY quantum corrections on a dipolar Bose gas subjected to a weak random potential with an isotropic laser speckle autocorrelation function. Our analysis is based on the perturbative theory which has been proved to be an efficient tool towards a quantitative description of dirty Bose systems with both short-and long-range interactions [22] [23] [24] [25] [26] [27] [28] [29] . Understanding the complex interplay between disorder, DDI and LHY quantum fluctuations remains a major challenge. This is the aim of the present paper. We calculate the ensemble-averaged disorder by solving perturbatively the generalized nonlocal Gross-Pitaevskii equation (NLGPE). In particular, we point out that there is a competition between the disorder, which would drive the bosons into a localized state, and the repulsive LHY corrections, which tends to delocalize the droplet preventing the occurrence of the insulating phase.
The rest of the paper is organized as follows. In Sec.II, we introduce the subtleties of the perturbation approach which is valid only for weak external potentials. The NL-GPE is expanded up to second order in disorder strength, and the role of each order is fully explained. We derive useful analytic expressions for relevant physical quantities, such as the condensed fraction, the chemical potential, the compressibility and the superfluid density. In Sec.III, these results are profoundly discussed, with particular emphasis on the case of correlated laser speckle disorder. We find increasing condensate and superfluid densities with increasing disorder correlation length. We show that the LHY corrections tend to palpably reduce the disorder fraction in the condensate and to a strikingly modify the behavior of the superfluidity. In passing, we recover the properties of disordered dipolar Bose gases as described in our recent paper [31] and in the early HuangMeng results [12] . We will then close with a conclusion and future outlook in Sec.IV.
II. MODEL
We consider a dilute dipolar BEC with a weak random disorder potential U (r) in the presence of the LHY quantum fluctuations. The dynamics of such a system is governed by the generalized NLGPE [45, [47] [48] [49] [50] :
where the two-body interactions potential reads
with g = 4πh 2 a/m corresponds to the short-range part of the interaction and is parametrized by the s-wave scattering length a. The DDI coupling constant C dd is characterized by the dipole-dipole distance r * = mC dd /4πh 2 and determined by the magnetic moment. Here the dipoles are supposed to be oriented perpendicularly to the plane, and θ is the angle between r and the direction of the dipole (z). The Fourier transform of the potential (2) is V (k) = g[1 + ǫ dd (3 cos 2 θ − 1)], where ǫ dd = C dd /3g. The strength of the LHY quantum corrections to the chemical potential is given by g LHY = (32/3)g a 3 /πQ 5 (ǫ dd ) [41] [42] [43] , where the functions Q j (x) reach their maximal at x = 1 and become imaginary for x > 1. Note that the last term in Eq. (1) is evaluated in the frame of the local density approximation.
For a time-independent potential U (r), we use the transformation ψ(r, t) = ψ(r) exp(−iµt/h). This immediately leads to the static NLGPE
The disorder potential is chosen to be isotropic and should satisfy the conditions
If the disorder is sufficiently weak U ≪ gn, it is possible then to solve the NLGPE (1) perturbatively using the expansion
The functions ψ (i) (r) are determined by inserting the perturbation series (5) into the NLGPE (3) and by collecting the terms up to the second order. It is convenient to work in momentum representation: ψ(k) = dre −ik.r ψ(r) and U (k) = dre −ik.r U (r). The zeroth order gives
which is the trivial homogeneous solution in the absence of a disorder potential. The first-order imprint of the potential in the condensate reads
where
is the effective interaction between atoms in the droplet. Expression (7) tells us that the dipolar particles are scattered once by the external potential. For E k ≪V (k), or equivalently kξ d ≪ 1, where ξ d = ξ/ V /g with ξ =h/ √ mng being the standard healing length, the kinetic energy is small and hence, the condensate deformation incurs only external potential effects. In such a situation the NLGPE (3) yields n(r) = n+n
In the absence of the DDI and LHY corrections, the density reduces to the standard Thomas-Fermi-like shape n = (µ − U )/g. Whereas, for kξ d ≫ 1, U (k) is a smoothed potential and thus, the system exhibits slow variations.
Following the same procedure, we find for the second order term
This elegant formula clearly shows that the collision processes consists of double scattering at the external potential U (r) and interaction of two single-scattered particles [25] . The condensate fluctuations due to the disorder potential can be evaluated in terms of the disorder ensemble averages as n R = ψ(r) 2 − ψ(r) 2 , in Fourier space
Strictly speaking, the fluctuations term (9) known also as glassy fraction and originates from the accumulation of density near the potential minima and density depletion around the maxima. For g LHY = 0, Eq.(9) simplifies to that prevailed for a disordered dipolar Bose gas without LHY term [28, 29] .
The
We see that the perturbative theory predicts a negative correction to the chemical potential which may affect the sound velocity. However, the obtained EoS is divergent for any uncorrelated disorder because of the contact interaction potential which causes ultraviolet divergences. To circumvent this issue, we renormalize δµ by introducing dk/(2π) 3 R(k)/E k [29, 31, 32] . Therefore, the total chemical potential reads
This EoS constitutes a natural extension of that obtained for a disordered dipolar BEC [29, 31] owing to the extra term provided by the LHY quantum fluctuations.
The inverse compressibility is defined as κ −1 = n 2 ∂µ/∂n. Then, using (10), we get
For g LHY = 0, the compressibility recovers that found in Refs [29, 31] . The superfluid fraction n s /n in the presence of disorder is splitted into a macroscopic normal part and a macroscopic superfluid component. In the two-fluid model the total momentum of the moving system P = mv(nv s + n n v n ), where v s denotes the superfluid velocity and v n = u − v s is normal fluid velocity with u being a boost velocity [29, 42] . We then solve the underlying inhomogeneous NLGPE in the system coordinates using the above perturbative expansion (we refer the reader to [29, 42, 55] for more details on the derivation of the superfluid density). The superfluid fraction reads:
This expression is valid for arbitrary disorder correlation function R(k), and effective two-particle interaction V (k). When both the interactions and the disorder correlation are isotropic i.e. V (k) and R(k) are θ independent, the superfluid fraction (12) reduces to n s /n = 1 − 4n R /3n. This result indicates that the normal component of the superfluid is 4/3 times larger than the condensate fluctuations due to the disorder effects n R .
III. LASER SPECKLE POTENTIAL
For the sake of concreteness, we will consider optical speckle potential, which is often used with ultracold atoms experiments [4, [6] [7] [8] [9] [10] . The autocorrelation function of an isotropic laser speckle is given by R(k) = R 0 |C A (k)| 2 [31, 56] , where R 0 is the disorder strength and
where σ stands for the correlation length of the disorder. The function |C A (k)| 2 is normalized by a factor 3(2σ) 3 /4π. An important property of the autocorrelation function (13) is that it constitutes the most tractable mathematical model. Remarkably, |C A (k)| 2 vanishes for k = 1/σ. Substituting now the function (13) into Eq. (9) and integrating over the momentum form 0 to 1/σ, we obtain
n/a is the seminal Huang-Meng result for BEC with short-range interaction [12] . The anisotropic disorder function is given as
where the parameter
2 . The disorder function (15) is important since it explains the interplay between disorder potential, the LHY quantum corrections and the DDI. For g LHY = 0, γ = ǫ dd , it reduces to our Eq.(18) obtained recently for dipolar BEC in weak isotropic speckle disorder [31] . For σ/ξ → 0 and ǫ dd = g LHY = 0, we read off from Eq. (15) that one obtains h γ, σ ξ → 1. Therefore, we accurately recover the Huang-Meng result [12] . When ǫ dd = 0, we reproduce the results of [56] for a nondipolar condensate with isotropic laser speckle random potential. Figure 1 .a shows the effects of the disorder correlation length on the behavior of the glassy fraction n R /n HM . Many important results presented in Fig.1 .b should be noted. First, the fluctuations of the condensate due to the disorder n R /n HM decreases with the disorder correlation length and vanishes for σ ≥ 2ξ. A surprising result is that the glassy component n R lowers as the dipolar interaction goes stronger notably for σ < ξ. This can be interpreted as the fact that the LHY quantum corrections suppress the DDI effects and hence, the fragments coalesce in a single extended condensate which restores superfluidity. This is in stark contrast to the disordered dipolar BEC without LHY fluctuations where the DDI tend to strongly increase the disorder fraction [28, 29, 31] .
In the limit of delta-correlated disorder where σ/ξ → 0, the glassy fraction reduces to n R = n HM γ/ǫ dd Q −1 (γ). We see that the LHY corrections can significantly enhance the glassy fraction inside the condensate. For instance, in the Dy case, γ = 0.91 and hence, n R = 1.08 n HM . Whereas for the Er condensate, γ = 0.94 and thus, n R = 1.4 n HM . The correction of the condensate EoS due to the disorder fluctuations can be computed using the perturbative calculation presented in Eq.(10). Then, after some algebra, we find
where the disorder function is defined by H γ,
. A closer view of the droplet EoS is displayed in Fig.1 .b. We see that δµ increases with increasing the DDI. In the case of delta-correlated disorder, δµ = 3 ǫ dd /γ g n HM Q 1 (γ). It decreases with γ until it reaches its minimal value i.e. δµ = gn HM . For g LHY = 0, the EoS (16) coincides with our finding for dipolar BEC without LHY term [31] .
We now look at how the external random potential modifies the compressibility. A straightforward calculation employing Eq.(11) yields a useful expression for the compressibility shift due to the disorder potential
Equation (17) shows that the inverse compressibility lowers with rising both the disorder correlation length and the DDI. Notice that the sound velocity is related to the inverse compressibility, where the decrease in κ −1 leads to decrease the sound velocity and vice versa.
We now proceed with the perturbative calculation of the superfluid density using Eq.(12) which shows that n s depends on the direction of the superfluid motion with respect to the orientation of the dipoles. In the parallel direction, the superfluid density reads
where the disorder function is given by h γ,
]. In the perpendicular direction, the superfluid density turns out to be given
where Figure 1 .c shows that the function h is slightly increasing with γ for fixed σ/ξ. Remarkably, at σ ≥ ξ, h vanishes which means that the whole liquid becomes superfluid in the parallel direction. Figure 1 .d depicts that the superfluidity changes its behavior from small to large disorder correlation length σ. For σ < 0.2ξ, h ⊥ is decreasing with γ while for σ > 0.2ξ, it is increasing function with γ. This unusual behavior arises from the competition between the DDI, LHY corrections and the disorder potential. We observe also that h < h ⊥ whatever the value of σ, indicating that the localized particles can not contribute to superfluidity and hence, form obstacles for the superfluid flow in the perpendicular direction.
In the case of a delta-correlated disorder (σ/ξ → 0), we have h (γ, 0) = ǫ dd /γQ −1 (γ) and h ⊥ (γ, 0) = 
. This clearly points out that both functions h and h ⊥ are increasing with γ revealing that the superfluid fraction is reduced in both directions contrary to the laser speckler case. For examples: for Er atoms, n s = n − 1.28 n HM while n ⊥ s = n − 2.28 n HM . For Dy condensate, n s = n − 1.54 n HM and n ⊥ s = n − 2.74 n HM .
IV. CONCLUSION AND OUTLOOK
In this paper we developed a perturbative theory and analytically studied the effects of the LHY quantum corrections on the properties of a disordered dilute dipolar BEC at zero temperature. Useful analytical expressions for the condensed fracion, the equation of state, the compressibility and the superfluid density have been derived. The obtained formulas can be used to experimentally control effects of disorder on a dipolar BEC. We compared the relative change of the condensate deformation and of thermodynamic quantities due to disorder with those reported previously in the literature. We found that the glassy fraction inside the condensate is reduced due to the remarkable role of the LHY quantum fluctuations. Importantly, the superfluidity changes its properties from correlated to uncorrelated disorder potential. This intriguing behavior is the result of competition between the LHY corrections, the disorder potential and the DDI. We showed in addition, that the presence of the DDI renders the perpendicular component of the superfluid density important and highly anisotropic. Such an anisotropy which should generate an anisotropic sound velocity can be experimentally measurable.
The present perturbative approach is in fact, relevant when the correlation length is much smaller than the typical size of a condensate. Otherwise, one should expect an interplay of the formation mechanism of mini condensates and fragments.
A natural generalization of this work is the calculation of the depletion of a disordered Bose gas which can be evaluated by means of the Bogoliubov theory [25, 26, [30] [31] [32] [33] [34] . A future work toward understanding the effects of an external disorder potential on the superfluidity and the thermodynamics of a quantum self-bound droplets will be also of particular interest to the cold atomic physics community.
